Abstract. It is shown that the metric of any Hermite-Einstein four-dimensional manifold with symmetry is a simple generalization of LeBrun's metric.
Introduction
The intent of this paper is to find the general form of the metric of any Hermite-Einstein fourdimensional manifold admitting a Killing vector. This is mainly motivated by the works of LeBrun, Pedersen, Poon and Tod and also by some of our previous results. LeBrun (1991) where r ∈ R 1 and is the cosmological constant, R ab = − g ab . Equation (1.4) is the Pedersen-Poon equation (see Pedersen and Poon 1991) . Tod (1995) has found that the metric of any self-dual Einstein manifold with = 0 admitting a Killing vector is conformal to LeBrun's metric (1.1) with the conformal factor ∼ 1/x 2 . Moreover, he has demonstrated that the function F satisfies (1.3) and he has also found the relation between W and F (we consider this in detail in section 6). The crucial point is, that using the general theory of Hermite-Einstein four-dimensional manifolds we have found Tod's result (see, Przanowski 1991a, b ) but written in a slightly different form. (Note that in our work we have not recognized that the metric obtained is the general one for a self-dual Einstein manifold with = 0 admitting a Killing vector.) As a very similar result has been found for another example of a Hermite-Einstein manifold, i.e. for type D with = 0 (see Przanowski and Bialecki 1987) We hope that this paper gives a deeper insight into gravitational instanton physics. In fact we have found the general form of the metric of an arbitrary Hermite-Einstein gravitational instanton. Especially interesting is the case of type D. Here one finds that if = 0 then the equation defining the metric is completely integrable. The open question is whether the respective equation for the case = 0 is also integrable. The results of our paper are related very closely to the problem of the monopole. Equation (2.24) appears to be a generalized monopole equation. Finally, this paper finds applications to works on Cauchy-Riemann structures in relativity.
This paper is organized as follows. In section 2 we propose the form of the metric and we consider the Cartan structure equations for this metric. Section 3 is devoted to the original LeBrun metric but now written in an arbitrary 'gauge'. In section 4 we specialize the Cartan structure equations to the cases of Hermite-Einstein and Kähler-Einstein manifolds. In particular, the generalization of the su(∞) Toda field equation is found. The Kähler-Einstein metrics are considered in section 5 and the Hermite-Einstein but non-Kähler metrics are given in section 6. In particular, we were able to find the equation for the function F in the most involved case when the non-Kähler metric is of type D and = 0. (From private communications we acknowledge that J Armstrong has also obtained some of the equations related to this type.) In this paper the tetradial and spinorial formalisms are used (see Plebański 1974 , Boyer et al 1980 , Plebański and Rózga 1984 , Plebański and Przanowski 1988 .
The metric and structure equations
In this paper we deal with a real four-dimensional (smooth) differential manifold M endowed with metric ds 2 of signature (++++) given by
where (x, y, z, t) are real coordinates; F (x, y, z) are some real functions of their arguments and
is a real 1-form such that its Lie derivative along ∂/∂t vanishes, i.e.
It is evident that ∂/∂t is the Killing vector field for the metric (2.1).
Define the following null tetrad 1-forms
where the overbar stands for complex conjugation and ϕ := ω + dt.
In terms of e a , a = 1, 2, 3, 4, the metric (2.1) reads a,b=1, . . . , 4, (g ab In what follows it is convenient to use the spinorial formalism. 
where the spinorial indices are to be manipulated according to the following rules
(2.8)
The metric ds 2 can be written in the form
The components of 1-spinors transform as follows: 
constitute the basis of the spaces of self-dual 2-forms and anti-self-dual 2-forms, respectively; moreover, C ABCD = C (ABCD) and CȦḂĊḊ = C (ȦḂĊḊ) are the spinorial images of the self-dual and anti-self-dual part of the Weyl tensor C abcd , respectively. Finally, R is the scalar curvature and C ABĊḊ = C (AB)ĊḊ = C AB(ĊḊ) stands for the spinor image of the traceless Ricci tensor.
The following relations hold
(2.18)
The crucial point for our further considerations is that the connection 1-forms Consider the following tensor field on M
.
(2.21)
We can easily show that
for every X, Y ∈ T M. This means that J is an almost complex structure on M and (M, ds 2 , J ) is an almost Hermite manifold. It is well known that J is integrable, i.e. J is a complex structure, iff 
where W, z ≡ ∂W /∂z, . . ., etc, and V = V (x, y, z) is an arbitrary real function of its arguments. Hence, as we are going to deal with Hermite manifolds we assume that our metric is given by (2.1) and the 1-form ω satisfies condition (2.24). Before we consider the structure equations, an important remark concerning the form of the metric (2.1) is needed. It is evident that the conformal factor 2 can be absorbed by changing the coordinate x. However, for further convenience it is better to keep 2 as an arbitrary positive function of x. The transformation of x, x = x (x), ∂x /∂x = 0 yields the following transformations 2 = ∂x ∂x
Note that only ȦḂ enters into the condition (2.23). Hence, in the present paper, we deal with the dotted connection form ȦḂ and its curvature 2-form RȦḂ. From the first Cartan structure equations (2.11) for g AḂ given by (2.4) and (2.6), one gets
where ξ := 1 2 (y + iz) and
(2.27)
Observe that A and B are invariants with respect to the transformation (2.25), then H and G are pseudo-invariants, i.e.
(2.28) Substituting (2.26) into (2.14) with (2.16), we obtain the following set of equationṡ
(2.29)
(2.37)
The remaining part of this paper is devoted to the analysis of (2.29)-(2.36). First, we consider the metric given by LeBrun (1991) in his distinguished paper.
LeBrun's metric
The Kähler 2-form corresponding to the complex structure J is, as usual, defined by 
Finally, substituting H given by (2.27) into (3.4) we get
This is LeBrun's result but written in an arbitrary 'gauge' . Substituting (3.4) into (2.30) and (2.35), one quickly finds thaṫ
Taking into account (2.29), one concludes that the dotted Weyl spinor CȦḂĊḊ is of type D if R = 0 and of type [-] 
Straightforward calculations show that
(3.7)
Suppose that R = 0, then (3.7) giveŝ
For = 1, (3.8) takes the form of the well known su(∞) Toda field equation (Finley and Plebański 1979 , Boyer and Finley 1982 , Park 1990 , LeBrun 1991 F, ξξ +(e F ), xx = 0. (3.9)
As has been shown by LeBrun (1991) , every Kähler metric with symmetry on a fourdimensional manifold can be brought to the form (2.1) with (2.24), where V , x is given by (3.5). Moreover, R = 0 iff (3.8) is satisfied. (In fact, in the original paper by LeBrun the conformal factor 2 = 1.)
Hermite-Einstein and Kähler-Einstein manifolds
In this section we deal with the cases when (M, ds 2 , J ) is not only a Hermite or Kähler manifold but also
is an Einstein manifold. From (4.1) and the Bianchi identities, it follows that the scalar curvature R is constant and we write
We are going to reduce (2.29)-(2.36) using the conditions (4.1) and (4.2). First, we consider the case when (M, ds 2 , J ) is a Hermite-Einstein but non-Kählerian manifold. Then, as one can easily show, the Kählerian case can be obtained by a simple limiting process. Thus, assume that (see section 3)
and, of course, (4.1) and (4.2) hold. From (2.30) we getĊ (4) = 0 =Ċ (2) . Therefore, by (2.29), one concludes that CȦḂĊḊ is of type D or [-] .
Also from (2.30), we have
where σ = σ (x) is a real positive function of x and c ∈ R 1 − {0} is the parameter which plays the crucial role when the results are specialized to the Kähler-Einstein metrics. Now (2.33) yields
Consequently, from (4.5), (2.30) and (2.32), one quickly finds that
where g = g(x) is some real function of x. From (4.4)-(4.6) using also the definition (2.27) of A and B, we get
(4.7)
By (4.4) and (4.5), employing definitions (2.27), one obtains the following equation:
Then (4.4) and (4.8) with (2.27) lead to the relation between V , W and F which generalizes (3.5)
(4.9)
Thus it remains only to consider (2.34)-(2.36). Simple calculations give h, x +4cσ h + 2 = 0 (4.10)
and the following equations
if h = 0, and
if h = 0. Obviously, (4.12), (4.13) correspond to (3.8). Given 2 , the general solutions to (4.8) and (4.10) read Gathering all this together, we find that the metric of our Hermite-Einstein but non-Kähler manifold (M, ds 2 , J ) is defined by (4.14), (4.15) (for c = 0), (4.16), (4.9) with (4.7), (4.12) or (4.13). The only non-vanishing component of CȦḂĊḊ is defined by (4.11). Now the formulae for the Kähler-Einstein metrics can be easily found from the corresponding formulae given for the Hermite-Einstein metrics by letting c → 0 and taking the function h to be of the form (see (4.15))
As will be shown, the main equation (4.12) can be considerably simplified in certain cases. The general method of such simplifications goes as follows. DefineF
where f = f (x) is a positive function of x, which is to be found later. Substituting (4.18) into (4.12), we get 
Kähler-Einstein manifolds
In this case (4.17) holds, and letting c → 0 one gets (we put m = 1 = a)
Then V , x is defined by (3.5), and from (4.7), (4.17) and (5.1) we have
For = 1 this formula was been found by LeBrun (1991) for = 0 and by Pedersen and Poon (1991) for any . Of course (3.6) or (4.11) now reaḋ
We consider the two cases separately. 
i.e.
where τ = τ (ξ) is an arbitrary holomorphic function. Without any loss of generality one can put τ = 0 ⇒ F = 0. Consequently
and finally, in the case of p = 0, we are left with the condition
where dω is given by (2.24) with (5.9). Hence, the metric is defined by the solutions of the Laplace equation W, xx +W, yy +W, zz = 0 (5.11) (Finley and Plebański 1979 , Boyer and Finley 1982 , LeBrun 1991 .
(ii) = 0. Here, the dotted Weyl spinor is of type D. Now we choose f and 2 so that
Employing (4.20) (with c → 0) and (5.1), taking also h = − 2 dx (i.e. r = 0) and finally choosing the constants of integration appropriately, we are led to two possibilities
Hence, α = x 4/3 and (4.19) readŝ
(5.14) Equation (5.14) has been found by Finley and Saveliev (1992) .
Consequently, α = x 5/3 and (4.19) now takes the form
One can make another choice, which leads to the Pedersen-Poon equation (Pedersen and Poon 1991) . To this end we put
Then from (4.20) one gets
Thus (4.17) is now the Pedersen-Poon equation
Of course, in all cases W is given by (5.2).
Hermite-Einstein but non-Kähler manifolds
In the present section we deal with the case when (M, ds 2 , J ) is a Hermite-Einstein but non-Kähler manifold. First, we consider the self-dual space with = 0, i.e. Thus by (4.14) and (4.16) one has
Now we ask if f and 2 can be so defined that (5.12) holds and also α = 1. The answer is that it can be done by an appropriate choice of the constants of integration; the solution to this problem reads
Consequently, we arrive at the conclusion that F =F and (4.17) is simply the su(∞) Toda field equation (3.9) . Finally, from (4.7), (4.9), (6.6) and (6.7), one gets
(6.8)
This solution has been found by Tod (1995) and in another form, by Przanowski (1991a) .
(ii )Ċ (3) = 0 and = 0. (6.9) This means that CȦḂĊḊ is of type D. Substituting (6.9) into (4.15) and then into (4.11), we get (6.11) In what follows we put, as in (i ), c = ±1 and m = 0. Now we are going to choose the functions f and 2 so that (5.12) holds and α = 1. One can quickly show that after the correct choice of the constants of integration the solution to this problem reads 2 = 1 and
(6.14)
Of courseF = F and the main equation (4.17) reduces to the su(∞) Toda field equation (3.9) . Then for W we get
Without any loss of generality, one can change the coordinates (x, y, z, t) so that (6.16) Hence, finally (6.17) This result, in another formalism, using some Legendre and general Lie-Backlund transformations has been found in the previous work by Przanowski and Bialecki (1987) .
From that work and also from the paper by Przanowski and Baka (1984) it follows that the metric given in case (ii ) is the general metric of the Ricci flat, four-dimensional Riemannian manifold with CȦḂĊḊ of type D. This is so because every such a space admits a Killing vector field (see also Boyer et al 1980) . In the next case we consider the most involved case, i.e. Here CȦḂĊḊ is of type D and = 0, but in contrast to case (ii) considered in section 5, (M, ds 2 , J ) is now a Hermite-Einstein but non-Kähler manifold. In complex relativity, the difference between these two cases, i.e. (ii) and (iii ), consists in the fact that in the latter case two congruences of anti-self-dual null strings are expanding and in the former case they are non-expanding (see Boyer et al 1980, Plebański and Rózga 1984) . Now aṡ C (3) = 0 from (4.11), (4.15) and (4.16), it follows that
In fact, we have (compare with (6.11))
As before, we are going to simplify (4.19). To this end it is convenient to use η as a new variable. This is always possible because η, x = 2c 2 = 0. Straightforward calculations lead to the following results: the function γ = 0 iff
We look for a particular solution of (6.21) to be of the form f = c 1 η k +c 2 η k−3 , c 1 , c 2 , k ∈ R 1 . Thus one arrives at the general solution of (6.21), which reads
Substituting (6.23) into (6.22) we get in principle the function η = η(x). It is in principle as we have not succeeded in finding η = η(x) from (6.22) for our general case, i.e. when = 0 and b = 0. Finally, the main equation (4.19) readŝ (6.24) and
(6.25)
Remark. Observe that letting b → 0 or → 0 in the solution (6.23), one gets case (i ) or (ii ), respectively. Therefore the general form of the function f for (i ) reads
In order to obtain α = 1 we should assume a 2 = 0. The general form of the function f for case (ii ) is (6.27) Then to have α = 1 one substitutes a 1 = 0. and the equation forF is given by (4.21). From (6.21), (4.11) and (4.15) it follows thaṫ C (3) = 0 and = 0. Therefore, in fact, we deal with a self-dual Ricci flat space described in case (i) of section 5. However, in the present case the complex structure J is so defined that (M, ds 2 , J ) is a Hermite-Einstein but non-Kähler manifold. This corresponds to the new version of the heavenly equation (Plebański and Przanowski 1997) . Take f = 1 and c = ± 
